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2 Low pass and high pass filters
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Since the weights in the low pass filters sum to unity, the weights in the band
pass filter sum to zero. As  the gain becomes rectangular, cutting out all
frequencies outside the range between 

and 

 Some business cycle researchers
have argued for the desirability of such sharp filters, referring to them as ideal.
The use of a sharp band pass filter involves the notion that the underlying
cyclical component itself is in fact  	
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Another class of Butterworth filters is gven by replacing the sine function in equation (5)
by a tangent function; see Gomez (2000). We restrict attention to sine function filters as they
are most easily linked to unobserved components models.
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The first order stochastic trend is a simple random walk, while for   the
trend is an integrated random walk. These specifications are frequently used
in structural time series models; see Harvey (1989), Young (1984) or Kitagawa
and Gersch (1996). In the integrated random walk case, 

is the slope.
Although these stochastic trends are nonstationary, the Wiener-Kolmogorov
(WK) filter can still be used to give the optimal, or more precisely minimum
mean square error linear, estimator; see Bell (1984). If the only other component
is white noise, 
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has a first order stochastic cycle as a driving variable so
the shocks to a second order cycle are themselves periodic. The properties of
the cycle are obtained by first writing
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This generalises the expression for    given in Harvey (1989, p 60) except
insofar as (10) contains only one disturbance term.
If the model consists of a stochastic cycle plus white noise, that is
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The frequency response function is again real and positive so the gain is
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 and .
of as being stationary, so the additional flexibility resulting from the inclusion
of the damping factor is an important generalisation. Figure 4 plots the gain
of the band pass filter for    
 and  with  set to 2. As  becomes
smaller, the gain function spreads out. Conversely, the spectrum becomes more
peaked around 


as  increases. For    the spectrum is undefined at 


,
but cancellation between the numerator and denominator means that the gain
is still defined.
   
The stochastic trend and cyclical components, 
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and 
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defined in the last
section, combine to form a class of structural time series models:
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Figure 5: Generalised low pass and band pass Butterworth filters of order (2,2)
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. The
equation standard error, σ, has been multiplied by 
4
. The Box-Ljung statis-
tic QP  is based on P residual autocorrelations and should be tested against
a chi-squared distribution with degrees of freedom equal to P   minus the
number of estimated hyperparameters. Goodness of fit is assessed by R
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is a free parameter in GDP it is estimated as zero.
Series Restrictions 
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Real GDP none 0 17 585 0 0.90 17.8 17.6 0.07 99
Investment none 21,250 0 1242 337 0.98 9.6 22.6 0.14 519
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Table 2: Parameter estimates and diagnostics from fitting models to US macroeco-
nomic series; each variance is multiplied by 10
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